We investigate the quantum properties for the codirectional three-mode Kerr nonlinear coupler. We investigate single-, two-and three-mode quadrature squeezing, Wigner function and purity. We prove that this device can provide richer nonclassical effects than those produced by the conventional coupler, i.e. the two-mode Kerr coupler. We show that it can provide squeezing and the quadrature squeezing exhibiting leaf-revival-collapse phenomenon in dependence on the values of the interaction parameters. In contrast to the conventional Kerr coupler two different forms of cat states can be simultaneously generated in the waveguides. We deduce conditions required for the complete disentanglement between the components of the system.
varying linear coupling coefficients in the codirectional KNC [16] and contradirectional KNC [19, 20] . In these cases it has been shown that there is a possibility to control the switching characteristics and principal squeezing effect by adjusting the shape of the waveguides. Quite recently, we have investigated the single-mode quantum properties of the codirectional Kerr nonlinear coupler when the frequency mismatch is involved and a condition for obtaining an exact solution for the equations of motion is fulfilled [21, 22] . For this case we have shown that the mean-photon numbers exhibit oscillatory behaviour rather than revivals and collapses. Additionally we have proved that the Schrödinger-cat states, in particular, Yurke- Stoler cat states (YSCS) [26] can be generated. Also the higher-order squeezing has been investigated [22] .
Till now the KNC has been treated as a two-mode device. In the present paper we give for the first time-as far as we know-the three-mode version of this device. The motivation of developing such device is that the three-mode KNC can provide nonclassical effects richer than those obtained from the conventional coupler (i.e. the two-mode version), as we shall show throughout the paper. As is well known that the basic efforts in the quantum optics is to enhance the nonclassical effects. Additionally, we show that the quadrature squeezing exhibits leaf-revival-collapse phenomenon in dependence on the values of the interaction parameters. In this phenomenon the revival patterns provide leaf shapes and between two revival patterns short collapse period occurs. It is worth reminding that for the standard revival-collapse phenomenon the revival patterns have ellipsoid shape. We proceed that, in contrast to the conventional Kerr coupler two different forms of cat states can be simultaneously generated in the waveguides. The investigation of the three-mode KNC will be given in the following order: In section 2 we give the Hamiltonian for the system and the solution for the equations of motion. Also we derive the expectation values for different moments of operators, which will be used in the paper. In section 3 we investigate the quadrature squeezing. In section 4 we discuss the evolution of the Wigner function and the purity for the single-mode case. In section 5 we give the main conclusions from the results.
II. MODEL FORMALISM AND DYNAMICAL SOLUTION
In this section we give the Hamiltonian for the system and derive the solutions for its equations of motion.
The Hamiltonian controlling the three-mode codirectional Kerr nonlinear coupler can be represented aŝ H = mode. The linear coupling between the waveguides are represented by λ 1 and λ 2 , which we assume to be real. Hamiltonian (1) gives a generalization to several models discussed in the literatures earlier by controlling the values of the interaction parameters such as anhramonic oscillator [27] , up-conversion process [28] and two-mode KNC [21] . The scheme describing Hamiltonian (1) is shown in Fig. 1 and can be explained as follows. Two waveguides are operating by Kerr-like nonlinear processes. In the first waveguide the fundamental modê a 1 propagates, while in the second waveguide the secondâ 2 and thirdâ 3 modes propagate.
The interaction between the fundamental mode and the second-third modes occurs via the evanescent waves. We have assumed that the all waves are propagating with the same velocity v, hence the time t and travelled distance z are related by z = vt. Outgoing fields can be detected as single or compound modes by means of homodyne, photocounting or coincidence detection in the standard way. Throughout the investigation of the system we do not consider dissipation, which generally decreases the amount of nonclassical effects.
We have to comment that the linear coupling coefficient is from the wave equation equal equations for (1) as
To solve (2) exactly we assume the processes of the self-action and cross-action compensate each other in the evolution of the system. This can be expressed as χ = χ 1 = χ 2 = χ 3 , χ = χ 1 = χ 2 = χ 3 and 2χ = χ. In fact, the cross-spectral coupling between various waveguides may be comparable with the self-coupling provided that the surfaces of the waveguides are of high quality (roughness is much less than the wavelength) to avoid a substantional reduction of amplitudes by evanescent damping. As follows from the values for quadratic and cubic susceptibilites both the linear and nonlinear couplings may be simultaneously significant for sufficiently strong fields. Under these conditions one can easily prove that
is a constant of motion. Based on this fact the system of equations (2) can be modified via the substitutionB j = exp(2iχN t)Â j , j = 1, 2, 3 and takes the form
The system (4) can be easily solved, e.g., using Laplace transformation, and the general solution iŝ
where µ = λ can provide richer nonclassical effects than those produced by the second and third modes as well as the conventional coupler [21, 22] (see Fig. 1 ). This is resulting from the coupler mechanism, which switches the energy in the second-third mode (second waveguide) jointly to the fundamental (first waveguide) and vice versa.
On the other hand, the nature of the field quantization is evident where one can easily
where δ j,j ′ is the Kronecker delta and j, j ′ = 1, 2, 3. In the derivation of (6) one has to use the identities
From (8) 
where n j , m j are positive integers,
andᾱ
Expression (9) will be frequently used in the paper. It is obvious that when χt = mπ and m is integer, i.e. z = 1, this expression reduces to that for the coherent light with amplitudesᾱ j (t) indicating that the system produces coherent light periodically. Also from this expression one can easily check that Â †m j jÂ m j j = Â † jÂ j m j . This means that the system is Poissonian, i.e. it cannot exhibit sub-Poissonian statistics, and the mean-photon numbers cannot provide RCP. Expression (9) reduces to that of the two-mode KNC [21] when λ 2 = 0 and α 3 = 0. Now we use the calculations given here to investigate quadrature squeezing, Wigner function and purity in the following sections.
III. QUADRATURE SQUEEZING
Squeezing is a pure nonclassical phenomenon without classical analog. Squeezed light has less noise in one of the field quadrature than the vacuum level and an excess of noise in the other quadrature such that the uncertainty principle is satisfied. Squeezed light can be measured in the homodyne detection. This light has a lot of applications, e.g., in optical communication networks [29] , quantum information [30] and high precision measurements.
In this section we investigate the single-and two-mode squeezing and shed the light briefly on the evolution of the three-mode squeezing. In doing so we define two quadraturesX n andŶ n asX
where n takes on values 1, 2 and 3 associated with the single-, two-and three-mode squeezing, respectively. Quadratures (12) satisfy the following commutation rule:
where C n is a c-number and takes on the value C 1 = 1, C 2 = 2, C 3 = 3. The uncertainty relation associated with the commutation rule (13) is
where (△X n ) 2 = X 2 n − X n 2 and similar form can be given for (△Ŷ n ) 2 . The system is said to be squeezed in the X n -quadrature if
The equality sign in (15) holds for minimum-uncertainty states. Similar definition can be given for the Y n -quadrature (defining a Q n -factor). Based on (9) and (15) we investigate the single-and two-mode squeezing in details and comment on the three-mode squeezing.
As we deal with the Kerr media we can expect squeezing in the guided modes in all these types.
A. Single-mode squeezing
The squeezing factors for the jth mode can be straightforwardly evaluated as
where
The subscript 1 means single-mode squeezing and the superscript j denotes the mode under consideration. Now we give some analytical results showing that the system can provide single-mode squeezing depending on the values of the interaction parameters. For instance, when (α 1 , α 2 , α 3 ) = (α, 0, 0) and χt = mπ/2, m is odd integer, expressions (16) give for the fundamental and second modes the following:
1 (t) = 4
It is worth reminding that the expression associated with the third mode can be obtained from that of the second mode via the transformation λ 1 ↔ λ 2 and α 2 ↔ α 3 . From (18) the complementarity between the squeezing factors in the two waveguides is obvious, i.e. maximum squeezing in the first waveguide is accompanied by minimum squeezing in the 
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second waveguide and vice versa. Maximum squeezing occurs in the fundamental mode when µt = m ′ π and m ′ is integer. In this case, S
1 (t) can be expressed as
By evaluating the extreme values for (19) one finds that the maximum squeezing in S
1 (t) is 37% when α = 0.5. Also form (18) it can be proved that the maximum squeezing involved in S 1 (t) is normalized. Now we clarify the role of the switching mechanism in the behaviour of the coupler since the Kerr-like media can generate nonclassical effects regardless of entanglement between modes. This can be understood by assuming that λ 1 = λ 2 = 0, i.e. the linear interaction between waveguides is neglected, and α 1 = 0. In this case the fundamental mode cannot generate nonclassical effects, however, in the framework of coupler the fundamental mode exhibits nonclassical effects. In other words, entanglement between different components of the system can generate as well as amplify the nonclassical effects (if they exist). Information about this situation is shown in Fig. 2(a) for the given values of the parameters. It is worth mentioning that for Q 1 (t) of the two-mode KNC (as well as S 2 (t) in Fig. 3(a) ) the initial total photon number has been considered equal to that of the three-mode KNC for significant comparison. In this case we have noted that the squeezing occurs only in the one of the quadratures, i.e. in Y n (X n )-quadrature for the fundamental (second) modes. Also squeezing generated in the fundamental mode is much greater than that produced in the second mode as well as in the single-mode of the two-mode KNC. Influence of the values of the linear coupling constants λ j , i.e. the intensities of energy switching between the waveguides, on the evolution of the quadrature squeezing is shown in Figs. 2(b) Fig. 2(b) . From Fig. 2(b) one can see that additionally to the occurrence of the nonclassical squeezing the S 1 (t) provides squeezing rather than RCP. This can be realized easily when λ 2 >> λ 1 , i.e. λ 1 /λ 2 ≃ 0, α 2 (t) = α and hence the time evolution of S (2) 1 (t) basically depends on the contribution of the Kerr-like medium, which alone cannot produce RCP. Generally, the behaviour of the system for this case can be explained as follows. As λ 2 >> λ 1 , i.e. the energy switching mainly occurs between the fundamental and third modes, which behave as a two-mode KNC and the second mode practically does not affect the behaviour. Consequently, the second mode behaves as an independent mode evolving in a Kerr medium. In conclusion, when λ 1 and λ 2 are large or λ 1 >> λ 2 the squeezing factors for the fundamental and second modes provide RCP. On the other hand, the occurrence of the RCP in the squeezing factors of the fundamental mode can be explained in the following sense [21] . The squeezing factors (16) include two forms of periodic functions: one is coming from the self-cross-nonlinear interaction part of (1), in particular, the exponential function whose period is π/χ, and the other is arising from the linear-interaction part whose period is π/µ. When the linear interaction between waveguides is very strong-either between the fundamental-second or fundamental-third or both-the period of the energy exchange between waveguides decreases, i.e. many oscillations occur, till the interaction time becomes t = π/χ, at this moment the field is trapped instantaneously by nonlinearity in the waveguides and the squeezing factors show collapse. The oscillations of the RCP are caused by the linear coupling λ j and the envelope of the revivals is caused by the nonlinearity in the system. As the interaction proceeds the phenomenon is periodically repeated.
We have to stress that the evolution of the squeezing factors is sensitive to the values of the intensities, however, in the strong-intensity regime it can provide nonclassical squeezing instantaneously greater than that present in Figs. 2, but the behaviour becomes rather complicated. We draw the attention to this point in the following section.
B. Two-mode squeezing
In this part we study the two-mode squeezing in which the correlation between modes starts to play a role. Also we compare the behaviour here with the corresponding one for the two-mode KNC. We restrict the analysis to the fundamental-second (between waveguides) and second-third modes (in the same waveguide). The fundamental-second mode squeezing factors can be straightforwardly evaluated as
where S
1 and Q
1 are given by (16) and Θ j have the same meaning as given above. The subscript 2 stands for two-mode squeezing and the superscript (1, 2) denotes fundamentalsecond squeezing factor. The second-third squeezing factors can be easily obtain from (20) by simply replacing 1 by 3. As we did above we analyse the case (α 1 , α 2 , α 3 ) = (α, 0, 0) and χt = mπ/2, m is odd integer, for which expressions (20) reduce to
Squeezing can be periodically realized in the two quadratures for particular values of interaction time. The two-mode squeezing between the second and third modes, i.e. modes evolve in the same waveguide, for this special case is
Squeezing can occur in the second quadrature only similar to the single-mode case. Now we draw the attention to the behaviour of the general forms (20) , which are presented in (t) and Q 2 (t). Nevertheless, for modes evolving in the same waveguide where switching mechanism does not exist directly, squeezing occurs-for these values of interaction parameters-only in one of the two quadratures, i.e. S (t). From this figure it is obvious that squeezing (or minimum-uncertainty light) always occurs and the amount of squeezing is greater than that obtained for weak-coupling case (compare with the solid curve in Fig. 3(a) ). This means that the linear mechanism in the system can play a significant role in amplifying the nonclassical effects. RCP is remarkable, which always occurs provided that λ 1 or λ 2 or both are large. Also for these cases we have noted that the two-mode squeezing factors between the waveguides exhibit RCP somewhat similar to that shown in Fig. 2(b) .
Finally, for the three-mode squeezing factors we have noted that squeezing periodically occurs in the two quadratures similar to that of the two-mode case, in particular, the fundamental-second mode factors. Moreover, the amount of squeezing achieved in the threemode factors are greater than those in the single-mode and two-mode factors. Also intense switching between the waveguides provide RCP in the evolution of the three-mode squeezing factors.
IV. QUASIPROBABILITY DISTRIBUTION FUNCTION
Quasiprobability distribution functions, namely, Wigner W -, Husimi Q-and Glauber P -functions [31] , provide all physical information about the quantum mechanical systems.
Investigation of these functions for the quantum mechanical systems is one of the main topics in quantum optics. Actually, among all quasiprobability functions W function takes a considerable interest since it has been experimentally realized by different techniques, e.g. in homodyne tomography [32] , photon counting experiment [33] and in experiments with trapped ions [34] , and it is sensitive to the interference in phase space. In this section we investigate the single-mode quasiprobability distribution functions, in particular, W function for the system under consideration. As the derivations of these functions are similar with those in [21] , we write down only the explicit formulae for them. Just here we give only outline of the derivation. The solution (5) includes exponential quadratic operator phase, which causes difficulties in evaluating the quasiprobability functions in the standard way.
Thus one has to use the technique given in [35] , which basically depends on the formula (9) , to achieve the goal. It is worth reminding that the modes are initially prepared in the coherent state |α 1 , α 2 , α 3 . Furthermore, we extend the investigation to include the purity for the single-mode case, which can be evaluated by means of the symmetric characteristic function. Now the jth mode symmetric characteristic function is [21] 
Also the W function for the jth mode takes the form [21] :
where L m n (.) is the associated Laguerre polynomial of order n and β = x + iy. One can easily verify that when χt = m ′ π and m ′ is integer, the system produces coherent light with amplitudeᾱ j (t) [21] . Furthermore, for tχ = (m ′ + 1/2)π and m ′ is integer, expression (24) gives that for the cat states (the derivation is given in the appendix of [21] )
Roughly speaking, this form tends to that of the YSCS [26] in the jth mode when D j ≃ 0 andᾱ j (t) = 0. In contrast to the two-mode KNC, the fundamental and second (or third) modes of the three-mode KNC can provide different types of cat states for certain choice of the interaction parameters. Now we give some analytical facts related to D j . There are three different special cases, which can be discussed for (25) based on the values of α j where we assume λ 1 = λ 2 .
(i) When α j = α, j = 1, 2, 3 for the fundamental and second modes, we obtain
Expressions (27) show that D 2 ≥ D 1 and D j ≃ 0 only when α < 1. This means that the cat states can be generated in the first waveguide faster than that in the second waveguide. As α is relatively small the microscopic cat states [35] can be generated in the two waveguides simultaneously. Trivially, statistical-mixture coherent states can be generated for this case in dependence on the values of the interaction parameters.
(ii) For (α 1 , α 2 , α 3 ) = (α, 0, 0) we obtain
Expressions (28) indicate that when the fundamental mode provides YSCS in a macroscopical form α > 1, say, when µt = π, the second (or the third) produces statistical-mixture coherent states, however, when α < 1, YSCS in the microscopic forms are simultaneously generated in the two waveguides. This shows the crucial role for the intensities of the initial light.
(iii) For (α 1 , α 2 , α 3 ) = (0, α, 0) we obtain
This case represents the inverse of the case (ii). The above cases lead to an important fact:
In order to obtain macroscopically distinguishable YSCS from a particular mode it should be initially prepared in coherent state with large intensity. Information on the above cases is shown in Figs. 4 for the fundamental and second modes for given values of interaction parameters. The values of the linear constants λ j have been chosen to minimize D 1 . In Fig. 4(a) for the fundamental mode one can observe the two Gaussian peaks and inverted negative peak inbetween indicating the occurrence of the interference in phase space. Fig.   4 (b) (for the second mode) provides information on the statistical-mixture coherent states,
i.e. it shows two-peak forms without interference in phase space. We have to stress that in
Figs. 4(a) and (b) the states generated are close to those of the microscopic regime. Fig.   4 (c) gives the well-known shape for the W function of the macroscopically distinguishable YSCS. In this case the fundamental mode collapses to the state:
The W function for the second mode corresponding to Entanglement characterizes intrinsically quantum-mechanical correlations between quantum systems. In this regard quantum entanglement is the basic resource required to implement several of the most important processes studied by quantum information theory. Thus, we discuss the single-mode degree of purity Trρ 2 j (t) for the system under consideration, which gives globally information about the entanglement. Purity can be determined by the knowledge of quantum state of the system, which in turn can be obtained by quantum tomography [32] . Also it is worth mentioning that in [36] entanglement has been studied for the two-mode KNC driven by external classical field showing that the system is able to generate Bell-like states. Also in [37] the purity and the relative entropy are investigated for the pumped dissipative nonlinear oscillator including Kerr nonlinearity. The purity can be evaluated by means of the symmetric characteristic function through the relation
When Trρ 2 j (t) = 1 the mode under consideration is in a pure state, i.e. the mode under consideration is disentangled from the rest of the system, while when Trρ 2 j (t) < 1 the mode is in a mixed state and consequently it is entangled with the rest of the system. The subsystems are most entangled when their reduced density matrices are maximally mixed. Substituting (23) into (31) and after lengthy but straightforward calculation we arrive at
where It is evident that (32) is dependent on the mean-photon number for the mode under consideration. Thus for fixed value of χ and χt = mπ, m is integer, the evolution of the purity reflects well the switching mechanism of the coupler provided that at least one of the initial intensities is large. In relation to Figs. 6, i.e. λ 1 = λ 2 , α 2 = α 3 = α, the mean-photon numbers for the fundamental and second modes take the forms
When α j are small, the mean-photon numbers of the fundamental and second modes would be relatively small and hence the evolution of the purity will be close to that of the initial case (see Figs. 6(a) and (b) for given values of the parameters). Also from Figs. 6 we note that the fundamental and second modes tend to partial pure states, i.e. close to pure states, when their mean-photon numbers provide their initial values. In this case the components of the system are approximately disentangled. Additionally, the fundamental mode only tends to almost pure state when the energies in the two waveguides are completely interchanged.
More illustratively, from these figures one can observe that when t = 0s the two modes are in pure states. When t increases and α 1 is large, entanglement between modes through the interaction (1) is achieved and both the fundamental and second modes become mixed. The fundamental mode provides first maximum mixedness at t ≃ 0.69s (see Fig. 6(a) ). Actually, at this value of the interaction time, i.e. t ≃ 0.69s, the mean-photon numbers for the three modes are equal and consequently their purities are equal, i.e. Trρ Now we draw the attention to find analytically the values of the interaction time for which the modes of the system are completely disentangled, i.e. Trρ 2 j (t) = 1. This can be realized from (9) since all calculations in the paper depend on this expression. Therefore the condition for disentanglement is that 
From the analysis given in the paper this occurs when χt = mπ, m is integer. In this case the modes are completely disentangled and each of which has a coherent light with time-dependent amplitude. On the other hand, the values of interaction times for which the system provides its initial light can be obtained by solving simultaneously the following two equations µt = 2m ′ π, χt = mπ,
where m ′ and m are integers. These equations are connected with the requirements that α j (t) = α j . Equations (36) lead to the fact that the system tends to the initial stage when µ = χ and µt = 2m ′ π. In this case the linearity of the system compensates the nonlinearity.
V. CONCLUSION
In this paper we have discussed the quantum properties for the three-mode codirectional between waveguides. Moreover, we have showed that the nonclassical effects provided by the fundamental mode are richer than those for both the second and third modes as well as for the two-mode KNC. Finally, the system discussed in this paper is more effective than the conventional Kerr coupler and can be used to amplify the nonclassical effects.
